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Al)stract.  Wc report on the search for perioclic  grav-
itational wave  i n  tllc In]lz ba[ld c o n d u c t e d  wittl tile
s~mc.ccraft  lJl,YSSIS. Gra\’i~ational  w a v e  sigl]als gener-
ally ]Jrcrvide information about the distallcc  of tllc source;
11 I,YSS}I;S’ data have a “ken” for each kind of source
one looks for; for binaries the galactic ccntrc  is acccs-
si~)lc to our cx])crirrlcnt. ‘]’hc Ncyman  l’carsotl m e t h o d ,
with its two strategies of ‘attcmptirlg detection’ and gct-
Lillg a threshold for no detection, is carefully discussed.
We did not find significant eviclence  for positive dctcc-
tio]], but, cstablishccf,  at the 90C% confidence lCVCI, upper
li]nits  to the aruplitudc  sig~lificantly better than previous
work. ‘J’l IC weaker collditio~l  SNR  = 1 corresj}onds to sig-
nal amplitudes h which vary about from 3 10-15 to 10-’ 5
from low to high frequencies. Similar results and thresho-
lds have been obtained for chirped signals  ill the Iincar
rcgilllc. Wc Ilavc discussed tllcse li[[lits in rc]ation  to a
I)ossib]c, conventional binary system of black hc,lcs in the
galactic ccl]trc as a source. Wc found that in tllc I)lane of
tllc freql]ency and its rate of increase the corrcspollding
rc.gioll of significance is s]nal]; there wc establish for a hy -
l)oth,t,ical  co]npanion  of a ccrltral  black bole of 2106 A4~
tllr u[)l)cr  lilnitl of X 5800 Mo.

l<cy  wtmds: Gravitation - Galaxies: nuclei
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sti(ufe of’ ‘I’cctll  lology, l}asadc]  la, California, IJSA.
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1. I1ltroductio]l

The s[)acc prol)c UI,YSSFIS  has been continuously tracked
in a l)opp]cr  ]nodc for 28 days frorrl  l{’cbruary  20 to March
18, 1992. ]n addition, 23 passes (i]lclucling 3.5 days of
co]ltinuous  tracking) are available frofn arlotllcr  ~[lcasure-
mcnt  set about the first solar opposition; however, at that
titnc  the round-tri])  light-time 1’, about 600 SCC., ilnplicd
a low frequency cut off seven titllcs  larger and ICSS in-
teresting data. A dcscri~)tion  of tile cx])crimcnta]  setup
is given in Ilertotti ct al. (1992), where earlier refcrc]lccs

arc given about the ])opplcr  method; a preli]ninary  re-
port is found in Icss (1994). Generally speaking, tllc clual-
ity of the data, as dcscril)cd by their Allan  dev ia t i on
OV(T), was gcllcral]y w o r s e  t h a n  the no]nina] target f o r
tllc experiment (Oy ~ 3 10 -14 at all integration tilne
T =- 1000 SCC); in particular, data takcll  at the cfld of tl)e
observation period and [Icar the ol)positio]l  (at which irn-
J)ortal]t Iliallmuvrcs  affcctcd tllc spacecraft Clynalllics and
disturbed tllc ])opplcr  observable) were noisier a]ld have
IIOL bee]} used iri the present arlalysis,  based upon data of
14 days, from day 60 to 74 (see Fig. 1).

All irll~)ortant and ncw asset of our experiment was
tllc usc of two differc]lt down-link carriers. in S-band
(VlS  = 2.293 GIIz) and X-band (UJ = 8.408 Gllz); the
up-link carrier was instead at a single, S-band frcquellcy
(UT = 2.112 GIIz)  ar]cl dominated tllc plasma noise (for a
study of multi-frequency links, sec Hcrtotti et al. (1993 ).)
Moreover, for more than 2/3 of tllc ti~nct VI,lII  rccciv-
il]g statiolm,  in Italy or Japan, ill addition to those of the
l)ecp Sj)acc Network (IX5N) of NASA, was used; tllc colII-
I)arison  and the correlation bctweell tl)esc four, I)artially
indcpf:n[icutl  time series nave been very important ill un-
derstanditlg  a~ld reducing  tllc ]Ioisc (see lCSS et al. (1987)).
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‘“ Another l)oppler  experiment involving, besides UI,YSSFX,

GA1,ll,  IK) and hIARS  OIISERVER  (which used al] X-
Lalld carrier Lot,]]  up- and clown-link), was carried out for
21 days in Marc}] 1993.

While ordiuary  binary stars have a frequency below
c)ur band, cut off at approximately the reciprocal of the
round-trip light-time 7’ % 4400 see, in a scenario of genera-
lized Inergirlg of galaxies, if the parent syste~ns contain  in
their cores lnassive  black holes, their bnnding  could pro-
duce illllJortant  trains of gravitational waves. l’he Doppler
rcs])onsc  to SUCII  a class of sources has been ciiscusseci in
Walllquist  (1987); a search in the range 30 to 2000 scc col]-
Ciuctui wit]l the l’ior]eer  11 data (Arrnstroug  et ai. 1987)
has set a 90% confidence upper lilnit at tile di]lwrlsior]-
irws all~plitude  of 610-14. Anderson et al. (1993), using
I’IONJI;  IR 10 data set up all rrppcr  lin)it of i’ 10-15 for a

detech ion at SN1{, = 1 .

r .——-. .. —-

Fig.  1. “1’he  daily Alla]]  clcviatioa  r7v10]”4  at au iiitegratioll tillic
T = 1000 scc for tl]c I)SN ( s q u a r e s )  aIld  tllc V1,lI1 data (})lus
sigl{ s); oppositio]l occurred on day 5t3 of 1992.  ‘1’}Ic  euhance-
]Ilcat ill tile last 4 days was probably due to the ilitcrplaaetary
])lasula,

in the present paper par-titular care is devoteci to sta-
tist,icaiiy  rigorous criteria to dccicic about our resuits.  Wc
wish to avoid two errors: false aiarln anti false dismissai;  in
an cxpcri]ncnt  like ours, in wi~ich the probability ofsucccss
is low, we consicicr  the former as primary. 1+’ollowi]tg  the
Ncyl]lan l’earson  theory, wc construct in tile space X of
tllc olmv-vablc c]uant, it,ies (for periodic signals, tile squares
of the sl)cctral  amplitudes of t,hc ])opp]cr  record) a subset
XI Corrcsl,onding  to announce]  ncnt, of dctectiorl  (with a
give]] faise aiar]n  probability a); this set shouici bc CIIOSCII
i]] sac.]) a way as to mirlimizc  the faise dismissal proba-
bility. If the record is not contai]!cd in Xl, for ally .givcll
gravitational wave ampiitude h, we cor]struct  another set,
X’~(11) corrcspo]]ding  to no (ictcct,ion  aucl increase h until
the ciata point iics on its bouu[iary.  “1’bis dcterlni]]m  aII ul)-
])cr ii][lit to the a]nl~litudc, witil  a given ]cvci of con fidet}c,c.
‘1’IIc use of diffcre]lt (u]) to four) diflcrent  l)o~)l)lcr  records

although not quite  il]dc])c]ldc~]t  - nlakcs our cxlwri]nc]lt,

w a v e  traias  with the s]~acccraft UI,YSSES

siInilar  to a coincidence expcri[ncnt  and has ailowe(i un-
derstallding  and rejection of troublesome outlicrs.

l’he  emission of gravitational waves by a binary near
the coalcscc]lcc phase produces a characteristic increase
ill its freque]icy  (“ci]ir~)ing”),  with a weli dcfil]cd law; tile
technique to extract tl]is special signal fro~n the noise have
been discussed and app]icd  to real data by ‘J’into  & Arnl-
st,rolLg (1991) and Anderson ct al. (1993) in the c~ase  in
whicil the acceleration of the frequency nlay bc ~lcgiectcd
a n d  tt]c alnplitudc cat] be  considered corlstant.  in the
prescut  paper wc have uscci it, too (Sec. 6); its statisti-
cal foundations are discussed in two appendices.

‘1’he probicrtl of the constructio!l  of adequate filters
to detect coaiesci][g  binaries has Lecn discussed in scvera]
rcccnt  papers in conncctiou  with the future interferollletric
dctec.tors (Sathyaprakash  L? I)huralldar 1991, Dhurandar
& Satllyaprakasli  1994, IIianc]lct  & Sathyaprakash  1 9 9 4 ,
Kokkotas  ct al. 1993). Most of thmn cical wit]]  tllc exact
exl)ression of the cbatlgc i]] frcqllcacy  and alnplitudc; our
work Ilas tile a{ivantage of dealing with real data.

2. Tl]c km18 of UI,YSSES

Wide ba[ici observat,iolls of gravitational waves gelierally
[)roviclc infor~natiou about the distaacc of tllc source. Col-
lapses c]nit at tllc characteristic frequency

arlci prociuce at a distance r all arllplitudc

(1)

(2)

Jlcrc c is, in order ofrnagr]ituciet  tllc eff[cierlcy with which
rest c]lergy  is radiated away; this  quantity is uncertain,
but shoui(i lic bctwcc:l  0.001 all{i 0.01. Masses are nlca-
surcd in seconds: a solar nlass  is 4.8 /tsec. Ior an axially
syllll]]ctric  coliapsc {’iran & Stark (1986,  p. 64) have es-
timated the co]lstarlt  kl bctwccu  0.035 and 0.(38.  ‘J’he fre-
quency of observation dctcr]nines  (with /cl == 0.06) the
collapsing mass

1.3 10’r }Iz

( )
M  = --- ~–- --MU == 1 . 3 1 0 7  u’;! M@ ;

the amplitude then dctcrmirlcs  the distance

‘=’7+?9 (Lo2 ‘“)C

(3)

(4)

‘1’he Virgo cluster is at about 15 M1)c. A search for bursts
in our ciata is in l)rcparatiou.

For rIolI relativistic, I)eriodic sources we have a stall-
ciard Ino(ie] for tile emission of  gravitatiorla]  trains in
wilictl  tbc cucrgy ioss, excluding otiler  losses, like friction

8 Frolli ttle O x f o r d  l)ictioltary: ‘raagc of sight or krlowledge’.
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.
: with a lllcctiuln, is proportional to the square of the third

derivative of the quadrupolc  moment. in this case the orbit
SOOII  becolncs  circular and we have a wave train of increas-
ing frequency, alnplitudc and bandwictttl,  ulltil  final coa-
lcscetlcc occurs at, say, t = to. It must be noted,  however,
ttlat in presence of friction the eccentricity lnay increase,
rattler  than decrease, giving a signal of e]ltirely ctiflerent
for]ll (I; bisuzaki  et a]. 1991; Fukushige  & Ebisuzaki  1992:
Vccc]lio ct a]. 1994 and other papers. ) ‘1’he prcse.~lce of a
dil~olc contribution in the emission of gravitational waves
WOU1(I  also give a different signal (e. g., due to a radiating
“fift II force”, see Ilcrtotti k. Sivaraln  1990).

l“c,r a strictly periodic signal the I)oppler  observable
y = Au/v is determined by a dinmnsio[lless  al[~plitudc h,
constructed with the lt~ctric and the null four-vector along
tlic ray al}d is give]) by the real part of

(5)

whcrr  2’ == 21, is the round-trip light-  ti~ne. 11) the nota-
tio~l of Wal)lquist (1987) h~ is the ainp]itrrde  of @(t).  ‘J’hc
illstru]nc]ltal  factor

1 +- Cos Q _.~zi,7
1“ = ! :;-O-s.O -t cosfk?-  ni(1+c0so)J7’ - -  .-j - -  c  ,

generally of order unity, satisfies O ~ [~’1 < 2; it goes to
zero whc]] j7’ –+ O ant] also when 0, the angle bctwcc~l
tl)c source  and the s[)acecraft,  tcl]ds to O or ir. “1’hc first
li]l)it is required by the F;quivalencc l’rincip]c,  the seco)lcl
by tllc transversal character of gravitational waves (which,
by the wzLy, has never been tested), In the form

(J {  ~ e-ni(l+c0s$)J7’
)

- 1 coso-1

- (c-27ri/7’ - . 1) ~ -:!.-;=-! (6)

t,tlc  two ii]]liti]lg Lellaviours  iire alJparent:  wliell jl’ < < 1

F(fl’, o) =- 7rij7’(1 - C O S20) + o(yl’)~;

WI](3I  C(>SO =  3(1  + 6)

Note that tlIc u~)~~er  ]ilnit  2 is al)proachcd  for particular
wilucs  of O near  O and 7r and for jl’ >> 1, when the tllrec
co]nplex nurnl)crs  appearitlg  in 1“ arc allnost  real.

1]1 tllc collvcntiollal  view (Misner  et al. 1973, 1). 986)
tt~c mnission of gravitational wave by a binary  with total
Inass M and rcduccd  mass p depends on the mass paranl-

Ctcl’

?11 z: II 3f5A{2/5,
(7)

wllicll appears hot]l in the an)l)litucle

IIZ4
{

j ~lL5/3
- _.-... [nf(t)12/3
5 1’

and in tllc frequency

( ) ‘-””-
3/8

1
rrf(t) == 5

m nw(to – t)sf~
(9)

‘1’he tinm to coalescence to –t and the frcqucl]c.y  dctcr~nine
the mass parameter.

‘1’lIc factor ~2/5 in h results from avcragi~lg  h? over
t}~c (ul)known) polarization angle  p and t}le (unknown)
a[lglc L hctvmen the normal to the orbital plane and the
direction froln tile source to the observer; tllcy appear in
h! in tile cornbillatioll

(1 -1 COS2 L)2 Cosz 2P ~- 4 Cosz L sill? 2;>.

‘J’hc largest aml)litudc  occurs wl]cn t)le orbital pia[lc is
norlnal  to the Iirlc of sight (L = 0 or ir), with all irlll)rovc-
r]lcllt IJY a factor ~5/~ = 1.58 over tile avcrag,c.

‘J’hc tir[ie to coalcsccrlce is related to the distance by

1 __ 64
--–} 11’ jp = ,4/11’ j~

:. --1  –  /io
(lo)

‘1’lIc liuinhcr
A .: *2-!!

/io

is about  200.
A IJo[)plcr  record car) be analyzed irl jour different

ways, corrcspo[ldillg  to decreasing time to coalcscer)ec  ar]d
increasing  distance: ill going down ttle list wc do e]llargc
cmr ken, hut  at the exr)crlse of looking for sources of shorter
lifeti~ilc. (l-or silniiar  constrai]ltsj scc Gianl[)ieri  & ‘1’illto
1993.)

1

2.

At small distallces  we can scare]]  for a strictly sinu-
soidal signal; for a record of Icl]gt,h 7\ (with  tile ori-
gin of time irl the rniddlc)  and a frequency resolutiorl
A j =: 1 /Q\ tltis  requires

or
1- . -  AlIrj2 < ~~ –:,,;,

to - - i  - 3 jiy

(11)

(12)

‘1’akillg for rcfcrcr]cc  tyI)ical UIJYSSI;S’  values, this inl-
p]ies

(13)

= 55’’c(~’:::5) K+7T’.H:i=’”’
‘1’IIc galactic ccn(rc is marginally reacllect at low frc-
quencirx.
JVC call cxtclld our ken by lookillg  for a linearly chirped
signal, cllaractcrizcd  I)y tlie paralncter

(8) (14)
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it Inust fulfill
7 ‘f (1$ 7’; CPf 7? 33 f

- - - - - -  - -  < - ’ ,
‘8 m “ -8-  -dt~ ‘“ -i” Z4 (to - t)? 7:

(15)

tllal is to say,

‘J’he lJrcvious kcn T1 is now cxtcadccl  to

r’<3
{’

;;/-y,i ,, .

( j7i )
~j~:- 231’, -—-- -----

Inllz  lo~ Scc

If

(16)

(17)

(18)

lve call search the whole record for cl]ir~)rd sigrlals with
tlIe al)prol]riate,  non linear law. In this  case tllerc is
all apprcciab]e  change in alllplit,udc  and the km is still
larger:

3 ( ~1 i
T < iGj9’1~1  ~. 190VI - - -  --

- - - - - )lo~ Inllz  Scc “
(19)

‘1’0  reach greater distances we must usc even shorter

trains, in which coalcscmlcc itself is included in the
r-word; this class of sources merges with the wide band
putscs. ‘1’hc  last two cases will be discussed in anotllcr
}}arjcr.

Cri tcria  for detection

WC rxwicnv IIOW tllc detection  criteria for periodic signals
(SW, c. g., g’it,to &. Ar],,stror,g  1991 ); the proble,n  of dct,cc-
tion with two or rnorc correlated records will be discussed
ill a sc~)arate paper.

A slrictly ])eriodic Lirlary systcln  I)roduces  a peak in
tlic s])cctru]n  SY(j)  of tllc l)opp]cr  observable at twice
tlw orbital frcqucl)cy (and its harmonics if the cccclltricity
dots ]]OL vanish). A search for such peaks with a record of
]cngtll 7; is based upon a discrete rcalizatiou  5’Y ( j~ ) of the
simtruln, at frequencies jk slJaccd by 1 /li. We msu]nc
that the a~nplitudcs  of the spectral noise arc gaussiall  and
ullcorrclat)ed,  with variance (,S’V ( j~ )). ‘1’hc gaussian char-
acter  is cx~~cctcd orl the basis  of the central ],iinit  “J’]lc-
orcltl: (IIC alll[)litudcw  are lij]car co~nbinatiolls  of a large
Ilulnl)rr of rando~n variables, the Doppler rcc.ord itself.

‘1’lic llor~l~alizcd  s~mc.tru~ll

(20)

dcfir]cs  our Sal I)plC space .~ = {z!~} (restricted to non neg-
ative  valllcs), w i th  hr ditncnsions.  Jn UI,YSSIS’  r e c o r d
u~lder collsidcrat,ion  N x 65, 000. IIi practice, si~lcc a sin-
gle rword  is availahlc, the avcra,gc s~wctruln (Sy( jk )) is
~il)])r<)xirllzit,ccl witli t,hc avmagc  over the band around j~
wllcrc the s])cctrum  is apl)roxilllate]y  consta[lt;  indicating

wave traias with the spacecraft UIJYSSJ;S

with a prime this sulnlnatioli atld with N’ the nulril~cr  of
such tcr~ns, we shall deal wit]]

Sg(fk) = :Y(  fk )
xk = - ‘->,  --

7+; ~.j ‘Y(fj) ‘2 “
(21)

U2 is the [ncan spectral atn~>litude., slowly varyil~g wiLh frc-
qucacy. Silni]ar]y,  the arnp]itudc  f’/L of a sinusoidal signal
corrcs~]o[lds  to a norlnalized  sr)ectral  peak

(22)

Our procedure (see, e.g., Silvcy 1970)  aillrs at avoid-
ing two diflerent  errors: a) falsely cleclaring detection and
b) falsely disll]issillg dctectio[l. We procccd ill two steps,
First we u]]dert:ike to detcrltlillc  wllcthcr  wc are allowed to
declare detection (ol)tioll A)); ir] this case we give priority
to avoiding error a), If this does not succmd,  we look for
tllc conditiol)s  under which we are allowed to dcc]arc ]10
dctectic)n and tllcrcby  set up an u[)r~er lill]it to h (optiotl
11)); ill this case tile error b) is prinlary.

Wiih  the ass.sulnption that tllc IIoisc  is ~)urely rarldorn
arid wllitc, tile observah]e  x~ h a s  tflc silnple  probat)i]ity
distrit)ution

~)o(2’k) = c~~)()- D:k = r~ POW) (23)
k k

with volulne clcllleIlt

IIre have itlclicatcd with

}’0(2’) = e-r (24)

the probability dist.ributioll  for a single bill. In the real case
the assulnptioa  of a flat s~)cctrunl is Ilot quite correct, hut
this assulnption  can Iw tested with t,l)c data (see l’ig. 3).
Ncglectil]g the (slnall)  correlation hetwccn  difl’crmt,  sl)cc-
tral bins dccreascs  tile probability of false a]arn]; llowcwer,
since W,C  shall declare no detection, this liw the eflcct of
lnaking  our tlircsllold  so~ncwhat IIighcr  than necessary.

II] option A) we shall anaoullcc  dctcctiorl  ifc,ne or ~t]ore
c,f the coordinates is larger  L]lan a tllrcsllolcl i , to wit, if
~k lies OULSide  the cuhc ~~~ of  s ide i!. “1’]lis thresllo]d  is
determined by tile requirclncnt  that the false dctectiol)
l)robal>ility is a, that is to say,

(25)

Since a << 1 this is ap])roxilllatcd  by

1
N c “r=cr–t -cl

2
2 -I.... (M)
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III UI,YSSIS’  msc,  with N = 65,000 aud a =. 0.1, i =
13.38.

]u ol)tiol) 11) wc introc]uce in X the probahi]ity  rnca-
SUrC  {)),(X~)  WhCW  a Si~Ila] Of aIIlplit UdC ~’}1 aIld raUdOIIl

ljllasc is acldcd to the gaussiau  uoisc; for a single frequency
it is give]], in Lcrr[ls of the Bcssc]  fullction  of imaginary ar-
gurllcr]t  lo(z), by Rice’s distribution (SCC Whalen  1971 a[~d
ILicc 1958):

It is properly uortnalized  to unity,  l~or the whole set

(27)

j labels  ttlc s~)ectral  point wllcrc the signal  is found, as-
sutilml to lic with equal a priori probability in the observed
spcct,ral rarlgc. Note tlla~ in doing so wc ucglcct  the fact
that,, at, a givcu am])lituctc  aucl for givc[l rnasscs, the dis-
ta]lcc of the source iucrcascs  with tllc frequency (cq. (8));
tt)us tllc a ])riori i)robability  of a sigllal  incrcascs  witti tllc
frcqucl)cy.

Wc cl)oosc to declare uo detection if lIo spcc.tral coln-
porlcnt  is larger than a Hew threshold 2’, function of Lhc

allll)litudc  and dctcr~nincd  by the false dislllissal  I]robabil-
ity

‘J’his corrcsl~orlds  to tl]c p robab i l i t y  o f  a  sig~la] bcil]g
},rescnt olily in the bin with largest amplitude.

II) practice, for a givca record, and after having  care-
fully clinlillatcd all t,hc spurious “spectra] cotnponcnts
wllic.  h can be ascribed to other  causes and thcmforc  arc
]lot! raildo~]l, Wc set ~’ C(lual to ~:,,, , thC ]argcst  of t]lc ~k’s
arid declare,  at tllc level of collficlencc 1 – [~, 710 delcctzo7t,

i f  t h e  norvrtalizcd umplif.udc is smrzilcr ihan ihe thr-eshol(f
Ic(l’)1 given by tl)c previous equation. ‘1’hc function

wllicl) I]as Iwc]) cxtcnsivcly  s tudied (M’halen 1971,  %c.
4.4).
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J(’llen u =. \cl{2 ar id  v  =- {2i’ >> 1,  Iu - IJI < Iul,
usi]lg the asy~nptotic  expression for tllc JJCSSC1  ful)ction,
wc scc that most mass of the iutcgralld  lies near u, so that
1- Q <<1 aud

a=-(l-- Q)(l--Nf–:’)l.  .)l –Q +-..., (31)

almost indcpendeni of N. l’he  da[lger  of false dismissal
mairily COSI]CS froin the biu with largest a]ll])litudc.

Irl this case it is converlient  to rllap tlle probability ct
into the nor]nal ,gaussian  variable s:

.4

(l(i”,  1.[) =  —l. /J-% - ~ ds’cxp(-s’2/2).

l’or instauce,  wl~ell m =. 0.1, s = - 1.30. If] that, lill]it w c
IIavc [Ile ‘rule of t]luiilb’

fii~ r J2[C[ + s; (32)

iu otl~er words, tlic variable @ is nor]nal]y  distributed
around tile mcau  #jlcl. Whell ~’ == 1 3 , 3 8  t h i s  g i v e s
ICI = 4 . 5 8 . 1 1 1  I,ot}l options  we l)avc chosm, a si,npie
arid practical class of partitions of X i.e., Ar—dilncusioual
cubes. ]Iowever,  this partitiou dots ]Iot quite fulfill Ncy -
mal] I’earson  criterio]l,  which requires also tc, millilllize
the risk of false dis~nissat in option A) and of false detec-
tion in optiol~ 11); iu prirlc.ip]c OIIC should consider gcllcral
],artitiolis.  l~orlllally, in oI)t,io[l A) let X = X. UXI , w]lerc

Xl is tl]c ‘dctcctioli’  set, with

J d“’lyo(xk) = c1;
,Y ,

(33

irl ol)tio]l ]1), for a given sigljal led c, let X = X~ U X{

wllerc .YA is the ‘no detection’ set, with

.-

1 (i’vJyh(2!~)  =- (Y.

x:
(34)

A way to col]struct  these partitiot)s is provided by the
Ncylllall-1’carsoll  thcore[o.  ~onsidcrillg  first O[)tioll A), wc
co]lsti-uct,  for all positive Iiu]]]bcrs  k, ttle class of sets

(35)

‘1’lIc a[)l,ropriat,e value of k is dctcrrnincd  by eq. (33).
III our case the Ncy[l~all  l)earsoll  surface

(36)

is of iutercst  far frolll t}lc origi]l, corresl)orldiug  to large
thresllo]ds;  also, Icl >> 1. ‘1’hc function lo(21c[@),  for large
values of tile argu[j]ent,,  i[lcrcases cxl)orlcntially  with A;
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lIcIIct’  we cx~mct  the surllrlmtio[l  in the previous equation
to lIC dolllil]atcd  by the largcs~  coordinate x,,, ancl be ap-
I)roxinlatcd  b y :

k’ =- l“(2[cl /1,,,). (37)

Sillcc the ]k’ssc]  function ~c, increases with its argurnctlt,
]lCll Ce w]~h ~T)l,  Xk CO1)sistS o f  a ] ]  ~oi[lts  in x for Whidl
tlIr largest  coordil~ate  is greater that some value I,,, dctcr-
Illllld })Y k (aIld ~). “]’bf> cOIl]p]CIllI?llt, .~k of this  sCt isillst
the CUIJC  c,f size x,,,. Our choice of the “no cletcction set”
does ]Iot  quite mini~nixe the false disll)issal [)robabi]ity  and
will glvc a threshold somewhat higher than necessary.

4. ‘I’l I{: data S(!L

As ex[)laitlcd ill (lhmtotti  et al. 1992), the data })avc bce]l
ol)tainccl usii~g open and closed loop receiving systelns  at,
the I)SN statiol]  a n d  I)igita]  ‘1’one F;xtractors  (1)”1’1;)  a t
tllc VI, II1 a~ltcnuas.  ‘1’hc  three difrcrcnt  types of data have
IJCCJ1 I)rrr)roccsscd and rcduccd  to data sets wit])  tl]c sallm
st, ructurc  and cor)t,ent  (the sky freclucrlcy of tile rcccivcd
radio signzil wit]l ancillary information).

‘1’IIc output of ol)cn loop receivers is cssell~ially  a time
scquencc of voltage sanlples  of the down convcrtcd  carrier
signal.  ‘1’lle ~ncasurcmrmt tmldwidth can be selected ac.-
cordi~lg  to the signal  slew rate and SN1{. 11’or the U1,YSS1;S
cxl)erinlc~lt, where the frequency drift is low atld the only
rclcvaat  information resides in the mail] carrier sigrlal, tllc
bal]dwidth  was chosen to tile slnallcst, available value (100
IIz, cc)rrcs}>ollclillg  to a sarnl,li~lg  rate of ’200 Jlz). in spit,c
of the low sarllI)ling rate, al)out  6 Gb of open Iool) data
Ilavc lmml collcctcd  during  Lhc 28 days of the cx~,crin]ent.
‘1’hc rcconstractioll of tl]c sky frcqucl)cy was ~)crforlllcd
wit])  a digital [)ha.w lock loop programmed at an il[tcgra-
tion time of 1 SCC.  I)UC to their srrI)crior  quality, csr)ccially
at high frequcllcics,  or)cn  loc)p data arc ttlc prir]lary data
set of the cxpcril~]ent.

[;loscd 1001)  rcccivcrs  are routinely clnl)loycd by the
INN  for spacecraft tracking and radio metric ][leasure-
nm]]ts. ‘J’licsc data IIave hcc]] used as a back-u])  wllc~]cvcr
O1)CII 1001) data were not avail ah]c, provided that, tile till~e
SCYIUCIICC had Ilo al)preciab]e  dcgradatiol).

‘1’hc  l)ip;ital ‘1’oIIc Extractor (1>”1’1+;),  desigllcxl  arid built
I)y G. ~olflorct,to,  ]ncasures  l,l]c phase  and the all]I)liLutlc
of a c(,llcrel~t signal at tl~c outl)ut of a MA ILK 111 V],]]]
rcccivcr . g’hc digital data stream fro~ll the h4AlLK 111 is
correlated with a sine and a cosiuc wavcforlll gcncratcd
I,y tlie 11- ~nascr at a frequency programmed by a control
collll)utcr.  l’hc  output of both mixers is tllcn low- passed
t]lrougll  all i~ltcgrator  to recons~ruct  the phase and tllc
arlll)litrldc  of tile received sig~kal. ‘I’l IC WI IOIC  systcln  acts .ZS
a fully ])rogra]lltnal)lc,  real-til)lc ])hase-locked 100[).  Wit])
tile flexibility of all opcl] loop syste~]l, tllc 1)1’1’} has tllc
advantage  of IILUCII ICSS requirclncnts  for data storage.

OIIce  tllc sky frequency Ilave bccII rcconstrltctcd  froln
{Ilc recorded data, a careful I)roccdurc  has been used to

w a v e  trains  wittl  tllc sj>acccraft  UI,YSSIS

ed i t  tllc outliers,  clilninatc (as far as j)ossil)lc!) tllc ord i -

nary I)oppler  effect and the contributiorl  of the intervening
lncdia  (Ilcrtotti ct al. 1992, Agrcsti  et al. 1986). ‘l<he or-
bital l)o[)])lcr  shift can Le removed either  usirlg the Orbit
I)ctcrnlinatio[]  }’rogram  dcvelo[]ed  at Jet I’ro[,u]sioll  I,ab-
oratory (Moyer 1971) or by fitting tlw data to a lil~car
co~llt)illatioll of the six functions

1, t, sirl w~;i, Cosdfi:t, tsil]w~;f, t cosw~;  t,

wllerc  WE; is the atlgular  velocity of tllc Iartl] ((3urke11dall
and Nlc.ltcyllolds 1969). lrl a later [)a[)cr  we shall discuss
also the noise structure and compare the two rnctllods;  in
tile prescrlt pa]wr wc col]firle  ourselves to the II IUCII sirnl)]er
six ~)ararnct,  cr fit. INotc  also that  t he  scparatiol  I b e t w e e n

t}lc orbital contribution and tlIc gravitatior]al  sig[lal, at
least a billion times s~nallcr,  is possil)lc because  tile forrllcr
has a I[lain part, at the tiI]lc scale of 1 g and a li]]e at tl]c
frcqucllcy w*;.

‘1’l~c scco))d  largest contribution to the frequcr)cy  shift
(although a minim, tir]les srnallcr,  20 to 4(I rll}Iz)  colncs
froln tllc tillmvaryirlg,  elcvatiotl-(ic~)cllcler}t  oi)tical  p a t h
in tllc trol)os~)hcrc.  Several  rrlodcls ~nay be ern[)loycd to
calibrate or fit out this  effect. Wc IIave used a clctcrlninistic
calil~ratiol]  wllic]l con)hilles II]ctcorological  data measured
at the tracking sites with a siln I)]c gcolnctrica]  Inodcl due
to Illack arid l}isncr (1984). ‘1’lle random fluctuatiorls  of
the refractive i]ldcx of the tro[)os])hcre arc be]ievcd to be
rlcgligil)le at t}lc sensi t ivi t ies  of  tll~’ ])rmeIlt ~?xl)crirncrlt
and IIavc IIcver I)ecrl clearly detected in our (data above
tllc clcvatio]l cutoff.

‘J’hc  iorlospherc i)roduccs sirllilar,  altllougb rflorc  coln-

])]cx, co]ltril)utiol]s,  ‘JTIIe ior]os~)llcric  l~at}l delay varies riot
c)n]y  with the elevation, but  also as a consequence of dzLy -
Ilight changes of the plasllla  dcllsity.  Altliougll  it is pos-
sible to filter out this corltribution  with a poIJ1lonlial fit,,
it is far Inorc reliah]c to cxI)loit t.lle disl)crsive properties
of tl]c ionosphere and estirnatc the I)ath delay variations
from dual frequency or Faraday rotation mcasuremcrlt,s.
‘1’hc I)SN routinely provides, for cacb I,assagc,  a polylIo-
rllial interpolation of tflc cx[]cctcd path delay along the
lir]c ofsigl]t to ttlc s~)acccraft. Sillcc tile raw iorlos~)lleric
data are obtaillcd  witfl s[)acccraft  in differcrl~  parts of tl]c
sky, a lnodc] of the iorlosJ)llcrc is used. ‘1’hc degree of the
irltcrI)olating  I)olyllolnials  is irl general low (4 or 5) and,
thcrcforc,  the data can conll)cnsate  otlly for long tilllc  SCZLIC
variatiorls  (about  2 11). As for tile tro[)os[)llerc, rando]n
ioncq)llcric  fluctuatiol)s  sl)ould ])roduc.e  a IIcgligihlr  e[rcct
and lnay be partially conl I)crlsatcd  for ill a statistical way
wit,lt the Wicllcr filter described below.

‘IillcilltcrI)lallct:lry  pla.wna isli!iely  to bcthcciornirlant
IIoisc source in tf)c IJI,YS.SI+X  cxl)crirncllt  and tllcrcforc  a
sl]ccial  effort, IIas been devoted to its reduction. WC have
apl)licd a statistical colnI)cllsatioIl  ]Jrocedurc based on a
}\ri(:ritro I)tirllllr]lfi  ltt:r(l lertotti(:t:ll.  lf193;sc~l:~lsoS:lvicll
1973). ‘1’hc  filter cstilllates tile u[klirlk [)lasl]]a colltril)utio]l
llcarol~l)ositiol] frorl] tllc down-link colltril)utiorl,  ohtail]ed
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‘as a linear combination of tllc S and .X I]arld olmrvable
quantities:

(38)

‘] ’]lccInl,loyed  W’icricr  filter  isalsoncarly opti]nal  for the
ran(lolll  noise due !0 tlIc ionosplmrc,  which is therefore
rcduccd.  An overall reduction of tile Allali deviation of
al)out  30%0 of the Allan deviation lias hecn ol)taincd  at
long ti]ne scrrlcs  (500 to 1000 see).

WC IIavc collsidcrcd  o])ly  a time scqucllcc of 14 days
(sec]>ig.  1)  and t)ascd oura[lalysisoll  the S-and  tile X-
t)a Ild plla.mof:

tllc l)SNT data for 67 % of tllc total titlie;
tllc VIJI{l  data for 63 % of the total ti[[lc.

‘J’hc S-l)and was  a]ways rloisier  t]larl t}le X - b a n d .  ‘1’hc
VI,lII data arc a lways  availahlc  in conjllnction  with si-
tllultallcous  lJSN data.  I;ach rccorcl corlsists irl ascquellcc
of IIu]nl)crs !)(t, ), wittl saln[Jling Lilnc At of 1 scc for the
l)SN rccorcl, 0.4all[l  0.25sec  fortllc IJ'l'I;a thfcclicillaarlcl
Kasllilna,  rcspccti~cly.  Although the tracking has been
colllilluous  froll~ all IJSN  complexes, it has lWCII in)pos-
sil~lc  to u s c  o p e n  100I) rcccivcrs  at the l)ecp Space Statiorl
(1)ss) 12 at GoltfsLonc, which were scheduled to start ol)-
cratil]g  011 day 64. llccause  of their Iargcr I]oisc at high
frcqucncics,  in general wc have IIot used closed 100[) data;
tlIcgalmirlthcDSN data arernostly ductothisrcason  and
IIot t o  I)oorcr  perforrnarlcc.  ‘J’hc da~a llavc hccn o][littecl
when a  I)oor stahiiity could bc traced  to IIardwarc lnal-
fu]lction,  s])ac.ecraft  marl oeuvres  or bacl weather. Since
tllcrc was nocoveragc  in corrcs~)ondcrlcc  to the Goldstone
passages, thee VI, III sc(]tlcrlcc sl]o\\’s gaJjsof at~o~lt,81101]rs
every clay, so that the two tirm sequences (DSN and VI, R1)
al]llost  overlal). filso we did not include data acquired at
elevations below 15° for rcccption  at a diffcrcl]t station
(tllrcc  way) and 20° for rcccption  at tile sa]ne station
(two way). ‘1’hc  rcrnoval of the orl)ital  l)o~]l]ler  shift in
snort three way passages has been done with tllc C)rbit
l)ctcrr[lination  l’rogranl.

Ur)fort,unatcly  the spectra arc corrupted by the rota-
tion of the spacecraft, witl,  nominal frequency 1/12 Ilz,
and its variation; this produces directly or, through alias-
irtg, itldircctly,  rnally strong  Ii!lm above fa = 5 10 - ? lIz. It
is interesting to note that, the analysis of tllcsc lines I]ro-
vidcs accurate information on the attit,udc  of tllc sl)acc-
craft and its rotational motion  (less and Arduilli  1994).
Wc have confilicd our analysis to tllc l~alld })ctwccn  f] =
2.310-4 IIP, = 1/7’ and fz, including about

N = f~~i  = 6 5 , 0 0 0

s~)cctral I)ills  of width l/2\ = 8.3 10-7117, .
W]lilc 1/7’, is the best frcquc))cy resolut ion attaitl-

at)lc witl] a tliscrct. e l’o(lricr  trarlsforv  )], ot)c wcr]]dcrs  i f ,
for tllc orlly sake of dctcrlllining  wllcthcr  a Ii]lc is prcs[’llt,

a coarser spcctrurll  provides a better a]tcrnativc. ‘1’lle a[l-
swr is [lot obvious: wl]ilc tllc averaging depresses the sig-
nal, Ly dilllillislling  the nurnt)cr of dcgrem  of frecdorn of
tllc Iloisc,  it also ir]l[)airs its possil)i]ity  of sirnulat,i[lg large
spcctrai  lines. With an analysis of t,llc false alarm prot)-
at)ility  on an averaged s[)cctrurn  wc have corlfirrlled  that
this is not the case.

5. ‘1’llrcshold  for periodic siglla]s

Fig. 2 corlfirrrls  the expectatiorl  that tllc spectral anlpli-
tudcs  have a gaussian  distribution, except  for two outlying
lines. in the ot)scrvcd  distrihutioll of occurrertccs  of tl[e
l)SN til]lc scquc]lcc  tllc lines that lic above tllc tllrcsllold
i u 13.38,  corrcspollcling to o = 0.1, or 90’Z confidence
level, occu r  a t  tt]c followi[lg fre([ucllcics  ?111[1 IIortllalinxi
arll~)litudcs

1. 1.6659010-2 IIz, 16.1;
2. 3,3333910-2 lIZ 13.5;

‘J’heir cxl)cctecl nurilhcr of occurrcrlces  Nc-= in a salnp]e
of65,000  birls  is, respcctivcly,  6.6 10-3 a~ld 8.9 10-”2. ‘1’lIcY

dcscrvc attcrltion  as candidate signals.
IIowevcr,  none of these lillcs can be attril)utcd to grav-

itational waves ar]d detection (oI)tio]t A) is mot attained.
lndccd,  the VIJIII  time scqucIIcc  dots IIot sho~v ally ouklicr
of this rmgnitudc and any coincident power enhanccrncllt,;
indeed, the rlorlllalizcd arllplitudcs  at tllcsc frcqucncics  in
tllc VI,l]I power spectrum arc 1.1 and 3.8. ‘J’lIc  IIalurc  of
these line is not yet fully undcrst,ood.  A possible expla-
natiorl,  that needs however further investigation, could be
the aliasing  of strong hig}l frcquellc.y lines duc to the rota-
tional  dynamics of the s~)acccraft. Since the final Nyquist
frcque[]cy  for the I)SN record was lcwcr ttia]l for the VIJII1
data (tile sa~npling tirnc At was set at 0.25 sec at Kashima,
0.4 scc at Medic.ina and 1 sec for the lJSN open loop lnca-
surcmcnts),  all rotational lir)cs  that lic l~ctwec]l  0.5 and
1.25 IIz arc aliascd only into the Nyquist  band  of the I)SN
Incasurc; ncnts,  while arc correctly filtered out i]) tllc I)’ J’I{;
data I)roccsslng. ]lowc~’cr,  otlc c.a]ll)o~  exclude an illstru-
lllclltal  origiri.

I:ollowi[lg option 11, we ttien look for ul)J]cr  limits to
the signal amplitude. ‘1’hc  simI)ler way to estirnatc the
~naxilnum  anl I)litudc of a signal  hiddcll  ill tfle noise is to
consider tt)c 10 detection level, i.e. to ]Ilcasure,  for each
frequency, the sl)cctral  lCVC1  corrcsl)olldillg  to a llorrnalizcd
alnplitudc  x = 1. SUCII  a line wouici give rise to a faisc
alarm witli probability I/e =: 0.37 aud,  thcrcforc,  al)out
37% of tllc Iillcs would al)pcar  at a l]igllcr level. “1’liis level
corres])onds roughly to a sigllal  with the sarl)c  ~llagnitudc
as the noise (SNTIL  =: 1 ). ‘J’tlc one-sided l)ower  spectral
amp]itudc  is related to the dilncllsionless  anlplitudc h of
a sirluso idal gravitational wave
cq. (5) for tlIc definition of ~’)

r

tllroug}l tile relation (see

(39)
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‘1’his quantity is pkrtted in l’ig. 3 for the DSN (lower
curve) and tlic VI, RI data (upper curve), with the generic
value 1 for the (unkllown)  instrumental factor IFI. As cx-
I,cctcd,  the sensitivity of the VI,]]] data is worse at high
frcqucilcics,  due to the smaller size of the antennrw and
larger thcrlllal noise. One may conclude that, using the
srnoot}lcd  spcct. rum as a figure of merit, the sensitivity of
the UIJYSS1+;S  experiment varies from about 310-15 at
low frcqucnlcics  to 10-1 5 at high frequencies. ‘1’hc cxJJcri-
lnelltal  curve car) be fitted  with

/,(j) = 3 lo-lqf/Hz)-o”~~. (40)

]]owcvcr, t]lc analysis of Sec. 3 and cq. (32) ill partic-  _
ular,  SIIOWS that signals up to about 4.6 tilnes  this level F i g .  3 .  E q u i v a l e n t  dinleasionless  aln],litude  of  the gravita-

call be  hidclc~l  i]] t h e  d a t a  r e c o r d ,  ivithout givi]lg r i s e  t o
tional waves  o b t a i n e d  frolti t h e  I)SN ( s o l i d  liac) and VI, IJ1
(da<l,cd Iil,e) t ime  Secluc],cc.  ‘1’}Ic  sI,ikcs  in t}ie I)SN d a t a  a r c.

de(cction,  at tllc 90(70 confidence level.
discussed ia the text.

l,atld (Jl, j~); denoting witl~ j the frequency irl the Iniddle
of tllc record, this meat)s:

‘1’hc frcqucllcy rcsolutioll  1/7; e~ltai]s tile b e s t  ],ossiblc
resolution 2/2~ for ,8; this gives i~l the (j, 2i@) plane a
total of

Nc = (jz - jl)zl: % j:l: = N2

availahlc  poiuts.
l’hysical arguments restrict the rclcvallt  domain fur-

tllcr.  /3 should be positive, corrcs~)ondillg  to an energy loss.
If the loss is duc to gravitational waves, another constraint

‘ig.  2. TIc histogram of the dimensionless spcctrunl  (ccl. (2o)) corl]cs  from the neglect of ally accclcratioll  in frequency;
confirltls  its .gaussiaa  character. Squares and plus signs refer re- to wit, tile frequency change bctwccn  the midctlc  a]ld the
s])cctivc]y  to the DSN aacl VLBI  t ime  scqucnccs.  ‘l’lie outlyirlg clid points of the o b s e r v a t i o n  run  lnust  be less tha]l the
],oi]its  are d i s c u s s e d  in the text. frequency roso]utiorl  1 /7i:

Since the frequetlcy changes like 1/(/0  -- t)sls, the brwking
6. C;llirpml  signals indez (well known in tllc theory of l)ukrrs) is

MTC confine oursc]vcs  to lirlea[ chirps (eqs. (14) and (1 5)), ~j ~ ~
a sirn~)lc gcrlcralization  of strictly periodic signals whicl]
is free fro]]]  any assumption about the prevailing energy 32 ‘-  ~-
Ioss (or gain!)  of the binary system. (lIowevcr,  wc have a,ld ~lcllce a$ al$o ,Ioticcd
iln})licit]y assumed an almost circular orbit; note that the 1-.

dyllarnica]  frictiorl  with the background may inc7case the
, b“cccm]tricity  (1’; bisuzaki  et al. 1991; Fukushigc  et al. 1992; 7; -- < ~~.

f\7cccl)ic, et al. 1994).)
l’he  method, as developed by ‘l’into and Armstrong Nun]erically  this reacls

(1 989), consists in multiplying the record y(t)  by G(i)  =

(42)

by ‘J’irlto a]td Ar~[lstrong 1991,

(43)

Cxl)(- .7ri~?12) - which changes each frccluency’  it tile r~le ,# /? <1.1 10-g/j se; IIzz. (43’)
- and considering the sl)cctrum  of the product y, (t, /?) c.
y(i) G(t). ‘1’lIc  allowed range of ~ is determined by tl)c A lower lilnit  would be ol)taillcd  a[lalyzing  togctller  two
rcquircllmlt ttlat Ll]c (positive) frequency stays within tl)c rurls separated ill tillle.
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‘1’hc rclcvallt  do~nain  is cfividcd in two frequency ra]lgcs
by tile frequency ~ , whet-c

27\(j~ – j’) z
{ -” ”  - - - - -

~J*2\.

Since lij~ >>1 wcobtai]l

not very diflerellt  from f~. Wc can now evaluate tl)c total
nulllber  N; of relevant points  in th~’(f,~i~) plane at the
lilaxillluln  resolution. ‘1’hc  first interval prevails ZIIICI gives

(44)

If [hc cllir}) is caused by gravitatio[lal  waves, the de-
IImdulatio]l  of tllc signal should produce three lillcsin the
]Jower s]mctruln,  at frcqucllcics

f? f-13~”y”t f-m’

('J`i[lto al~d~lrli~strol  ~g1991).  rJ'llcselirlcsca1l  hcrcsolvcd
only  if’ f?7’7\ > 1; si]lce tllc rate is lilllited  by (43), t}lis is

inl[mssiblc  if

{-”~ ~A’ 7’
llji

< 1. (45)

JIl  our c a s e  tl)isrlllllll~crisO.1.
‘1’llclll(llti[)licatio]l  by G(i), ofcoursc, cloc snot cllanfy

the gaussian  character of t,lle variable; ~l]oreovcr,  sirlcc
lG(t)l  is constant, yc(t, .L7) is obviously white if so is y(t) =
Vc(f, O) (Ilow’ever, in the non linear regime the change in
aln IJliLudc will add colourtllc spectra. ) Ilcnce  tllcllorlnal-
ized s]~cctra  of the noise, xC,~(fl)  H lyc,~(fl)lz,  for a given
~, arcstill trncorrclatcd  and (:xI)orlclltially distri}~~]tecl ac -
cording to cq. (24); but, tile alnplitudm for different ~’s
are correlated.

For asiltlI)lcr forlllalislIl  \vetake tllcc~uaIltity  yC(t, ~?)
(and, of course, y(t))  alrcacly (in the average) wllitcncd
and nor~naliz  ccl; then ill the average

(?l*(~)?)(f’))  = 7\6(l - t’)

and,  for tile col[lp]ex sl)cctral  amj)litudcs

1 J
7’, /2

Yk = yi ~a,,2 dy(t) Oq)(-27rif~t),

(?y;y,,)  = 6~~(2!~) == c$~~.

k’or ttlc cllir}wcl  varial~les

(?/}(i,l?)!/c(t',13'  ))=- 7\ fi(i-i') CXIJ[--iT(@-~')t2]  ( 4 6 )

and,  taking  tt]e Fourier transforln

1 J
7’,/?

:.
7’1 ~.,~?

dtexp[- 27rt Af -  i#A/7], (47)

w i t h

Af= fk-fh, Ad= /3--~’.

‘1’his is the required correlation fu]tctio[l  for tllc sl)ect,ral
a[nplitudcs  ill tile (f, I\/j)  plallc,  w i th  t]lc c o r r e c t  bc-
haviour  whc],  AJ9 D O. It is norma]izcd  to C(O,  O) == 1;
clscwllere lC~(A f ,  A@)/ <  1 .  ‘1’his corrclatiorl  function
dcterlnilles  the (.gaussian) probability dist,ributioa  w(y C)
f o r  tllc noise in t h e  s~)acc o f  ttle com[)lex  alnplitudcs
}’ = {~c,@)}.

JVC look for the value of ~ - call it j which makes
~l~axk{*C,k(/?)}  largest and take it as tile candidate for the
‘true’ cllir])ing rate. ‘1’hc  data space Y IIas now a Inuch
greater Ilul[lher 2ArC  of di[nmlsions thall  before; the noise
has a greater chalice of simulating the signal  alld we cx-
],ect a l)igtler threshold i, for false alar]n.  ‘1’IIc rigorous
al)swer to this question entails integrating w(yc)  over a
~\’C-dilllt:llsio~lal  cul)e, a scclrli~lg]y  illll)ossil)]c  t a s k ;  we  LISC

irlstead a heuristic Inctllocl.
‘1’he total ~lu]nbm  of eff’cctivcly  illdcpc~lderit m o d e s

A’C,en  = NNfl,Cn  is tile product of Ilu]nl)er N of frequency
I,i]ls  and tllc nu~llhcr NO,cfl  of the cfrcc.tivcly indcpc]]dent
Illodes  for the rate, or the nulnt)cr  of illdcpcndelit  iutervals
ill rate: ~(O,flZ  — ~1) is s~na]l if 61 arid & lie ill different
illtcrvals.  ‘J’his  nunlt)cr has also a [)ractica] importance: it
gives t}lc largest s~)acillg  iu tllc ra(c

A,,Lfl =- - -2f2
,,, . .

J I fv~?,  efr

we ~lccd for a relial)lc ~lul]icric.:il  calculat  ion. ‘1’his suggests
that Nc,eff =. NNP,Cm  is relatcxl also to tllc stability of the
Ilu]ncrical calculation of the largest arnl)litudc,

IIoth questio]ls  can be addressed with llulllerical  siln-
ulations.  WC have gencv-atcd  a large Ilulntjcr A’ of realiza-
tions  of a gaussian,  uncorrelatcd  tilIlc sequcncc  y(t) and,
for cacti of tllcln  ancl for all tile availahlc  values of tllc
rzite, constructed tllc coorditlates  IyC, L(,l?)lz  u zc,~(~) of
tllc corrcsponditlg  ])oillt I’ ill tlic sl)ace Y and eva lua ted
ttlcir  rllaxir]lurn  r,,, for each spacing

WIICII  N@ illc.reascs wc exI)ecL first tllc average (x,,, ) over
different  realizatiorls  to irlcrcasc I)roportiorla]ly  to In A’p
(see eq. (26)); Wllcn tllc correlation hctwcc~l Ilcig]lbourillg
values of @ is sig[lificallt,  (2,,1) should rcacll till asyluptotic
value. ‘1’IIc llll]lleric.al sir]lulatiolls  collfirl]l this. “1’he curves
a re  f l a t  Jvllell )Vfl Z3 N, corresl)ol,dillg  t o  A[3 =. 2/7~.
A)fl .[r call be cstilnatrxl  as the alwcissa of tfle knee i~l tllc,’
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curve (SCC 1+’ig. 4). Of course the posit  icrl] of the knee and
~~,c,r d(?p~lld  or) t}]c ]cIl~th of t]lc test  scqtlcllccs; WC e.$-
tirllatc

N$,cfr x 0.3 A’. (48)

III tllc first interval  we ex])ect (eq. (26)) (z”, ) = la N +
1[] NII; illdccd tllc three curves ill l’ig. 4 differ by x 11) 2.

For cacll spacing in ~ we have also coutltcd  the nulnber
1((~) of tirllcs the point, 1’ lies outside a cube of side i.
‘1’tle false alarln I)robability  is then

~ , h’(i)
-  ‘ A ’ (49)

\l~e caa relate the two sil[lu]atiolls  as follows. I;q. (24),
wl]ich refers tc) illdcpclldcnt  spectral alll~)litudcs, ])rovidcs
tllrir Illl]llbcr N iu tcr~ns of o arid 2; we use tllc sarnc
ml)rcssion  to dcfincj ill gcrlcral

111(1  - 0)N:fr=  . _.
111[1  - rup(-i)]

. .

(50)
Fig. 4, ‘1’he cf[cct  of the chauge it, r a t e  r e s o l u t i o n  A13 m I/N@.

As tllc threshold .t i]lcrcascs,  we expect that this aunl-
ON the largest  mcau a m p l i t u d e  (x,,, ) (givca ia the ordiaatc) in

a aumcrical  siraulatio]l; tl[c  krlcc  corrw[)ollds  to the effective
I)cr tends  an asylnpt,otic  value, which we take to lncasurc aumbcr  o f  d e g r e e s  o f  frccdotil  in tllc rate. “1’hc  t}lree  curves
ttlc cjrccfttlc nunlber of dcgrws of freedom  of o u r  corrc- S]IOW  also the effect of  varying tllc Iiunll)cr N of data points

latcd  gaussian  variables. ‘1’his exl)cctatiorl  is illdccd colt- used in tlie sil[lulatior~s  from 2048 (uj)pcr curve) to 1024 and

firlned (1’ig. 5) and the asy~nJ)totic  value
in agre.cvncnt with the previous estimate.
also see that the ratio Neff/N2  is roughly
the lcll,gth  N of the test sequences.

If a gravitational wave sigIlal

A exl,(27rjft  + i7r,L?tt2)

is about 0.3 N, 512 (lower curves).

From Fig. 5 we
i]ldcpcrldcnt  on

is ]jrcsc]]t at the (unknowa)  ‘true’ frequellcy  ~t and ‘true’
rate ~t, it gmlcratcs  in the ar)proprirrte  (j, ~I\ ) rcgioa the
response

hc(j – j*, /3- /?1),

g e n e r a l l y  cfiffcrcmt  fro~n  zero (except  for  ~ = & slid
j # jt). This is the signal  we must look for. la A]]pcndix
11 we study tllc shape of this response; in Appclldix  A
w e  SIIOW,  accordi~lg  the Ncynlan  I’carso]l  thcoreln,  t ha t
x,,, =. ~llaxD{~I~axk{~C,k(~)}}  is indeed the correct  vari-
al)lc to colnparc  witt) a threshold.

W( havcarla]yzcd  the DSN and V1,lI1  timcscqucnccs
wit]]  this  method.  Figure  7 shows tl]e two histogratns
o f  t h e  ])robahility  clcnsity fonctiol] for  the  clitllellsiorl-
l e s s  aml)litudc  x; e ach  o f  thcm  llM been obtai~liag  by
coIl]bil]ing  tlIe different. histcjgrams  obtained for different
(positive) values of the rate /3. About No = 700 dif- .,

.

,.
fcrcllt.  cqua]ly  sl)accd values of ,6 have bcca used, fro~n “g

. 5. ‘1’lIc result of a uurncrical siltlulatio]l to  evaluate  tlie

$1= :~.~910-”1311z- 2=-l/( 217)  to@2=2.4010-  lo IIz-2.
effect of tile c]lirpirlg variability 01[  the false alarlll probabili ty:

in the ordiaatc  we plot Nfl,efl/N  (ccl. ( 50 ) ) ,  wh ich  g ives  t he
‘1’]Ic ul)l)cr liltlit is given by the linearity condition (43). fra~tio,l  of the il,dcpclldcllt  values of ~J, as a function of the
‘J’llcsl[loot,] )i]lgfrec]llcllcy interval for tllc co~nputatio~lof  threshold.
tllc norlnalizcd  alnplit,udc  (cq, 20) was chosca equa l  t o
210-’1 IIz, i.e. N’ := 246.
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II) ttlis domain the l)SN sequrmcc  has the l a r g e s t  value
of .r is 18.91, at P = 1.38 10-}111z2  =- 1.19p 11z/d and tbc
frequf>ncy  (in the ~niddlc of the rccorct) 1.998510-2 Jlz.
Unfortunately the frequcl]cy rate is too low to resolve the
tri~)lct of lines predicted by tbc theory (eq. 45). 11) a dtlta
set wit]l about Nc,Cff =- 0.3 x 700 x 65, 000 v 1.365107
degrees of frecctoln  the occurrence probability of this line
is ,$.36  10-?; tbc factor 0.3 has been obtained with the
rlurncrical sinlulatiol]s  (cq. (48)). “1’he  probability for the
second  largest line, at r = 18.40, is 0.14, below our 10°%
threshold for false alarln. ‘1’he statistical significance of
tl)c cllirl) at x =- 18.91 is enhanced by the V1, II1 scquencc;
illdcml, at that frequency and rate we find a Iillc with
1, =. ] ] .39, with a  p robab i l i t y  1 .1  10 – 5. Althoug]l  t]lc t w o
sequences are partially correlated, it is unlikely that this
line is due to cllallcc.

A more careful analysis sl]ows,  however, that tllc chirl)
is prol)al)ly duc to instrullle]ltal  effects. \Vc have gcncratcd
six subsets of the I)SN and VI, II1 time sequcuces.  in each
of tllel)i all the data related to onc of tllc three IJSIPJ  corl I-
])lcxes bavc bec]l substiiutcd t)y zeros. It turns out, that
tllccllirp disaplwarson]y ill the tilnescquences (I)SN and
V],]]]) in which the contributions from tl]c Madrid corn-
I)lcxhavcbcen cclited out; iudcccl, atthcsuspcct frequelicy
a!)d rate wc find normalized  aln~)litudes of 2.32 and 1.19.
No sip;nificant cnhaucement was found for adjaccut  values.

Orl thcbasisofthcsc results onclnay  cxc]udeagravi-
tational IIaturcof thcsignal.  A similar instrurncntal  chiri)
wa.sfouudin  previous  cxperi~ucr]ts(  Anderson  ct al. 1993),
although related to the Goldstone  complex and with a
rnuc]l larger frequency drift. It would be ill]~)ortallt  for
fut,ure  cx])crirrlcnts  and interesting in itself to trace tllcir
origir].

F i g .  6. IIistogram  of the dilncnsionlcss  spcctruril  for the lin-
early chirpccl case, for the DSA’ and the VI, IIJ  time scqacnces,

‘J’}Ic tlvo  lirles  at J > 18 a r c  fc,ull{l i n  t h e  I)SN d a t a  and d i s -
c u s s e d  ia the text.

7. Collclusiolls

It is irltcrcstirlg  to apply these results to the galactic cen-
t r c ,  wllcrc,  at r = 1 04 p c  = 1012 S C C, a m,assivc black
IIole of mass up to w 2 10G AIO is Iikcly to sit (GcIIzel
& ‘1’OWIICS 1987, Blitz  1993 and other papers). Note that
our detcc. tor had a favourablc  oricntatio~l  (0 w 1090). In
this scctiou wc usc as urlits  112 arid IIz2 for the frcqucucy
and tile rate, resl)cctively.  I~ronl eq. (8), tile exImctcd amp-
litude frolil a biliary  system with  a period 2/j at the
galactic  cc[ltre looks cllcouragiug:

( )771
5/3

h = 8.7 ]0-13 _——. — -

1 o~ A4@
(f 1000)’/3; (51)

however, tllc data are sigrlificant  orlly in a very slIlall re-
giorl irl the (j, /3) ],lanc,

Irl tile lirrcar  chirp regirnc, zrrcs?MclzzIc of the masses,
t he  tilllc to coalcsce~lcc is detcrrni]lcd  by the frcqLtcr]cy
arid tllc rate:

he]lce (cq. (10)) tllc amplitude is givcll by

11 = –8[4- == 6.2 lo-’@
3i1rJ3 P

(52)

(53)

At SN1l. = 1 a source cantlot  produce a line stronger than
our ~ucasurcd  arnl)litudcs  )L(~)  =- @9U(j)/7\”.  Since our
data, cvcrl in ttlc cl Lirpcd cmc, arc WC]]  rc])rcscntcct  by eq.
(40), namely,

/l(j) = 310-16 j-1/’r, (40’)

they arc rclcvallt  olIly in the region

21/3 > jlliq. (54)

On tllc otllcr  hand the linearity couditioll  (43’) places
an upper bour]cl to tbc rate arid restricts t}lc regio~) to a
very small triauglc near the Iowcr  cut off jl = 2.3 10-4

IIz. At this cut off tile siguificallt  iiltcrval  for the rate is

4.710 -12< p<l.Glo-ll;

tllc lower bound (54) grows faster tllarl tl)e u~)per I)outld
(43’) and rnccts it at tllc frequcr]cy  j’ = 410-’4, less than
twice j] . Ou]y in this region (at SNlt n 1 ) wc are allowed
to corlstraitl  t,l]e mass l)ararllctcr  with cq. (51), narnc]y

T]l < (h1015)315(  1000j)-2/517, 000 Alo, (55)

At tbc lowest  f requency jl tl)is Iirnit for m is about
60, 000 Alc).  If orle of the two masses, Ail :-. p, is nlLlcll
sn)allcr than A4, fror]l  eqs. (7) and (55) wc get

// = ~tt5/3A4- 213 < 5 8 0 0  Alti. (56)

‘J’hc  time to coalescence, of the order of a few years,
is so low that such a lly[]otllctical  sourc.c  CIOCS not nave



,- ,,. ,, ..,..,,,,  c-u ‘1,  . . .,.– a,.,, ,., , ~,,, v,. ”,, ”,, a,

.- —

Fig,. 7. I’lIc rclci’ant  regions of the (j, /3) plane. l)ata are av<Lil-
ahlc below the upper curve (and ia the syntrnctrical  region for
nc~ativc ralc. I“or a sc)urce in the galactic ccntre the conditiou
Sf’! 1{ ~, ] can be fll]ll]]cd oa]y al)ol,e  the lillc  b; the ]irlearity

co]lditioa (43’)  rcslricts  t h e  d a t a  below the liac a.

lIIllclI astroI)llysical  value. At the orbital period 2/jI the
sellli major axis is less thall 1 AU. ‘Ibis result was not
tii]owll  wbe]i  the re])ort less (1994) was writtcll.  A srarcb
in UI,YSS1;S clata for 11011 linear chirps (case 3. of SCC. 2)
will extend  the arlalysis  above the lir}c b. We cx]mct that,
at, SNR =. 1, a sirllilar  bound for Lhe mass parar]wtcr  will
bc Obiaincd;  llowcvcr, a for a given level of confidcIIcc,  tbc
crllarg,enlmlt  of the region in the (j, ~) plane will irlcrcasc
ttic tllrcsholct.

A fcw genera] rcmar-ks  arc in order. ‘J’hc I)rcc.isc tlle-
Orcticill  description of the sources crnl)ccls  in the gravita-
[ionat wave data muc]l information about tllc sources atld,
wllcll a positive dct,cc.tion is attaillcd, makes thcm a pow-
erful 1001 of researcl); vice versa, bowcvcr, if detection is
r]ot attaillcd, it ]Ilakes ~nore difficult to place constraints
011 tile ]jossib]c  sources. l’hc  assumption of Iincar chirps wc
have lnadc  shoulcl be waived; of course, however, this im-
],lics a shorter lifctilnc  ancl n]orc improbable sources. Also,
the illll)ortance  of attaining Iowcr  frequc]lcics of observa-
tion Call]lot bc stressed too much. ‘1’hc search for wave
~rairis  ill U1,YSS1’;S data would  bc lIIuc}I more cffcctivc for
sc)urccs  IIcarer than the galactic ccnirc  (see Sec. 2), but
we did not pursue this  exotic  pat]). l’inally, as stressed
i[l the [)ioncerillg I)aper by Bragir)sky allcl ‘J’horl)c  (1976),
tile l)o]J1)lcr  IIlctt)od  sccrlls bcs.t suited for the search for
wide barld ])ulses; in a sul)scqucnt  I)apcr we shall present
t}}is analysis  of lJ1,YSSI;S’ data, which stlould margitlally

r e a c h  l,IIc Virgo clust,cr.

‘] ’1]1s  cXl M7ri111eIlt,  IIlarkS llO~i C, Cab]C! ad VZLIICCS  i l l  t]l C

lhlJl)lt:r search for low frcqrrcncy  gravitational waves; cx-
],loiting  t]lc long record and llsing several (ui)  to four) ob-
scrval)le qualltit,ics,  rclllarkal)lc  progress has been made ill
tile sensitivity all(l ill ~ll)(lcrstti)lclillg  tllc Iloisc  structure,

hloro i~r,portantly,  whi]c  i n  J)revious  l]apcrs  or] I)oppler
detection the IIlain clllI)hwis  was in increasing the sen-
si t ivi ty,  h e r e ,  due to the large nulllt)cr of  spectral  I,oillts

avail  al~lc,  we h a v e  heeII a b l e  t o  draw dcfi[ljte Co[lc]llsiotls

on tlIe relevant astrophysical sources and,  t}lcrcforc,  to
assess the limitations of this tccbniquc.

Froln the iIlstrulncntal point  of view tlLe rllaill limita-
tion of lJI,YSSIX’ cxpcrirnent  was tile usc of low frequcrlcy
carriers, in particular in the up-]irlk. ‘1’l]is prot, icrn will bc
solved with t]lc CA SSIN1  missio]i (to bc ]aul]chcd in I)c-
cernbcr 1997) to Saturll, which will usc .X- a]ld Ko-band
in both links (~ornorctto ct al. 1992). lrl order to acllicve
still  better pcrforrnar}cm in the [nllz  bancl, whic]l c o u l d
ellsurc successful detection according to convcnt,iona]  as-
troptlysical  exl)cctations,  a dedicated ~nission, using long
baselit]c illtcrfcro~lletcrs,  is proba~ly  needed.

AI’I’13NI)ICES

A .  l)c!tcr]lli:l:itit~ll  of tllc tl]rcsl~o]d
for a cllir~md  signal

As cxIJlai)lcd in Sec. 3, in order to lllirlitJlizc tllc false dis-
]ilissal probability, wc should construct ill }’ tile ‘detection
set’ }’1, with

[A.])

in tl~c following way: if Wh(y) is tllc probability distribu-
tion of the observable quantities whcll
a[oong the surfaces

111/, (rJ)-.. =: Collst,
111 (yj–

wc choose the onc wllicll fulfills cq. (A.

a signal  is I)rescrlt,

(.4.2)

1). I\rc show that,
I)ccausc  of tllc relation I)etwcell sig]lal and correlation, this
is csscrltially  the same  I)roblern  as irl the case without
chirp, eq. (36).

la order to co[lccntrate  on tllc nlattlcrnatical  structure,
let tllc index m u (j, /3) stand for tllc coordinates in their
appropriate ranges; taliillg  7\ = 1, ~ is an illt, cgcr a[ld fl is
arl evcll illtcgcr.  Accord irlg]y,  write ~,,1,) (witli  C;,,,,,, = 1)
for ~(Aj, .A~) and y,,, for yC,k(@) (as in Sec. 6, the noise
arnplituclcs  are assumed to bc white ar]d norlnalizcd.  ) ‘J’hc
‘true’ poirlt is t = (jt, ,f~f). ‘J’hc  I)robabi]ity  distribution for
tllc rloisc  is

u@/) M c- $’,

wl]cr-c

q = ~ v~rlQnlnyr,  ;
7!%T1

tl]c hcr~nitearl  ll]atrix Q,,,,, -( – Q~,,,,  ) is the reciprocal of
tllc correlatiorl  Illatrix

(!/;,, !/,, ) = cm,,  = (Q- l)m,’  ~ (A.3)



‘J’lIc response to a sigrlal of complex a[rlplitudc  h is just

h~,,,t,  so that ill that case y,,, – hCnlt is gausslan,  with a
~,ro~>al,i]it-y  d i s t r i b u t i o n

u)~(y) (x c!- ‘JA ;

h e r e
.

qh = >(Y,n –  ~~,nt)’~,,]n(lln - h~~nt).
nlr&

‘1’lie fact that tllc rcspo~lse functioil  i s  j u s t  t he  corrc\a-
tiotl lnatris Illakes thiugs  si[nple and, hecausc oftx]. (A.3),
Icads to

qh =  9- ~*~t –  }ly~ + Ihlz,
yt is  the olmv-vcxl a m p l i t u d e  at t}lf2 ‘ t r u e ’  frcqucacy  and
rate.  In conl~)utillg the ratio (11.2)  mcxp(21hll?jf  I cos X) we
Illusi ~]otv average over the (unknown!)  relative p}lase of
tile wave x and obtail),  sirni]arly  as ill Sec. 3,

WC’ see that the level surfaces, and hence the strategy of
decision, cleIJcnds only 011 the size of the largest spectral
alnIJlitude  produced by the signal, ly~ 1.

If both the frequency and the chirp rate have equal
a I)riori prol)ability,  we must also average, with ulliforl[l
wcigllt, tllc probability w(y) over all values of i, ohtainiag
tile  SillllC  cquzrtioll  (36) a s  b e f o r e .  Wit}] tile sa[]lc alJl~rox-

illlation  we take tllc ‘dctectio~L set’ to be the conlplcrllc]lt
of the cul)c ill  the space of the norlnalizwd  spectra,  with a

side i i s  d e t e r m i n e d  by the c o n f i d e n c e  l e v e l .

D, T’llc  corrdation functio]l  for the chiqwd  vari-
al)lcs

We have csti]natml  tllc correlation] function  of tl]c chir~wd

n o i s e  d a t a

1

1/2

C(A\, A/3) =- dt cxp(-miA@2 – 2miAjt). (}l. ] )
~/~

If 7\ , the duration of the record, is t}le unit, of tilnc,  j and
S/2 arc illtcgcrs  (gcllcrally  very large)  in the dolnain  (41).

IIy colnl)lctillg  tllc square  in the cxJ)oncnt, this  func-
tion can be evaluated ill l,crlns of I’resne]  i]ltcg’rals  C(z)
and S’(2),  wit]l

(Al)ramowit,z & Stegu~l  196h). ‘i’his is an odd fu]lction of
t h e  corl]])lex  variat)lc  2, with tllc asylnptotic cxIjrcssion

with tile argurnmts

W}Ien A[3 =- O we recover directly from eq. (11.2)

C(Aj, O) == O if Aj # O;

(7( Af,0) = 1 if Aj = 0.

Consider now tllc expression in the square t~racket of
cq. (IJ.4)  ill tllc gcllcral  c~~el in which both  argu[nents  of
tllc fu]ictio]l l’;(z)  arc large. “J’here arc two pclssibi]ities. If
[AL?! > IAJI ttle two argunlcuts are alt]lost  equal and the
square bracket is almost 1 -t i, twice the asylnptotic value,
yielding

with fractio~ial  corrections of order Aj/(3fl)3f2.
]ustcad,  if lAjl >> [A15’[, the two I’res]lcl  exponc~ltia]s

alulost  cancel and t}]c square bracket  reads

Z’;(.Z + 62) - 1;(: -- 62) =.

‘-+i”z’’’[y:)e: =e’=’”-” (’i”g:)e-”’”z’zl ~
with

J-
z=Af - - -2 J“-”-A13

AD’
&z =: --

2’

Since 262 = Aj is an integer,

c irrz~z - e ‘i=262 == 2isi11(mAj)  == O

arid
e‘m’*’  + e -i”2b2 = 2cos(7rAf)  = 2(-. )AJ

‘1’hcrcfore

and hc!lce, from cq. (11.4)

111 both approximations the phase  of the correlation func-
tion changes very rapidly from ]node to lnodc

llcktlo u11c[lgclr1cr3t9. q’his  work is tlic result of the joint effort of
mauy people,  besides the team of  the Ul,YSSltS gravitational
wave  cx~mrixllellt;  wc are v e r y  g r a t e f u l ,  in pa r t i cu l a r ,  to t h e
Raclio  %icnce S u p p o r t  ‘1’eaul at .lP1j,  10 the staff  of  the Ikcp
S p a c e  N e t w o r k ,  t o  the U1,YSSES project and to the staff of

the two ltalian VI,}]]  r a d i o  t e l e s c o p e s  o f  the Istituto di Ra-
dioastrononlia  (Medici]la and N o t o )  and the Kasliirrla  S p a c e
]tescarch  Cen t e r .  ‘1’lle bulk of the data aaalysis  was  ca r r i ed
c,ut  I)y 1,. Iess;  his work, ul~til October  3] ,  1992 was sur>portcd
t,y t h e  ]stituto di Fisica dello Sl)azio l]ltcrj,lallctario  a t  Fras-
cali. We are also grateful to l:. ‘1’iati for his  au]lterical work ill
the data a]~alysis  of the chirps.
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